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The description of a measuring process, such as that which occurs when a quantum point contact
(QPC) detector is influenced by a nearby external electron which can take up two possible positions,
provides a interesting application of the method of quantum damping. We find a number of new
effects, due to the complete treatment of phases afforded by the formalism, although our results are
generally similiar to those of other treatments, particularly to those of Buks et al. These are effects
depending on the phase shift in the detector, effects which depend on the direction of the measuring
current, and in addition to damping or dissipative effects, an energy shift of the measured system.
In particular, the phase shift effect leads to the conclusion that there can be effects of “observation”
even when the two barriers in question pass the same current.
The nature of the current through the barriers and its statistics is discussed, giving a description of
correlations in the current due to “measurement” and the origin of “telegraphic” signals.
I. INTRODUCTION
The measurement process using a quantum point con-
tact (QPC) detector [1] can be described as the modifica-
tion of a barrier whose transmission varies [2] according
to whether an external electron is nearby or further away.
When the external electron is close by there is a certain
higher barrier, and when it is further away, there is a re-
duced barrier. Given an incident or probing flux on the
barrier, the modification of the resulting current through
the barrier , which then can be observed by conventional
means, thus “measures” where the external electron is
located.
Experiments of this type give a fundamental insight
into the nature of measurement. In an elegant recent
experiment Buks et al. [1],- stimulated by the work of
Gurvitz [3]- saw the expected loss of fringe contrast in an
electron interference arrangement when one of the paths
in the interferometer was “under observation” by a QPC
[4].
This effect is due to the “damping” or “decoherence”
arising from the creation of correlations between the po-
sition of the electron in the interferometer and the co-
ordinates of the “environment” or “observer ” [5,7]. A
number of theoretical treatments of such measurement
processes have been given in recent years. Here we would
like to use the “quantum damping” method of refs [5,7],
which was devised to deal with precisely such questions
and which gives a complete and transparent treatment
of the two-barrier process. Furthermore it yields a num-
ber of new results. These include the effects of a phase
which although it has no effect on the measuring current
nevertheless contributes to the damping or decoherence,
effects which depend on the direction of the detector cur-
rent, and an energy shift of the observed system induced
by the observing process.
To elucidate the method we first consider a simple and
well understood situation, the two-state system. We shall
consider an external electron which can be in one of two
states and which at the same time is “observed” by a
QPC or similar detector involving two barriers. A physi-
cal realization of the two-state system could be provided
by two adjoining quantum dots. The electron can then
be on either one of the two dots, “left” or “right” and
tunnel between them. ( This tunneling for the external
electron should not be confused with that associated with
the two barriers of the detector). The detector barriers
will be higher or lower according to whether the external
electron is on the nearby or distant dot, thus furnishing
a reading of the position of the external electron.
The focus of our attention is the 2x2 density matrix ρ
for the two-state system and in particular the effect the
presence of the detector has on the time development of
ρ. We should perhaps stress that, while the study of this
density matrix leads to an understanding of the evolution
of the state of the measured system, (the electron on the
dots) it does not of itself lead to an immediate under-
standing of the current in the detector circuit. Thus an
understanding of the nature of that current must await
some further steps (see below).
The density matrix is characterized by a “polarization
vector” P, via ρ = 12 (I+P · σ), where the σ are the pauli
matrices. Pz gives the probability for finding the electron
on the left or right dot via Pz = Prob(L) − Prob(R).
while the other components of P contain information
characterizing the nature of the coherence. More pre-
cisely |P| = 1 means the system is in a pure state, while
|P| = 0 means that it is completely randomized or “deco-
hered”. P will both rotate in time due to the real energies
in the problem and shrink in length due to the damping
or decoherence. The time development of P is given by
a “Bloch-like” equation [5,7]
1
P˙ = VxP−DPtr (1)
The three real energies V have the following signifi-
cance in the present problem, where the two-dot system
may be thought of as a double potential well for the exter-
nal electron. Vz gives a possible energy difference for the
two quasi-stationary states on each dot; Vz 6= 0 means
the the double well is asymmetric. Vx and Vy are tun-
neling energies; Vx conserves the parity of the electron
wavefunction on the two dots and Vy flips it [6].
The second term of Eq. (1) gives the damping or deco-
herence. D gives the rate at which correlations are being
created between the “system ” (the external electron on
the dots) and the “environment” (the detector).
The label “tr” on Ptr means “transverse” to the z
axis. The “z” direction is selected by the fact that the
measuring process does not cause the electron to jump
from one dot to another; the measuring process conserves
Pz =< σz >, and so only damps the transverse compo-
nents of P. (It should be recalled [7] that a measurement
must choose some axis or direction in the hilbert space,
otherwise there is no measurement at all.)
II. INFLUENCE OF THE DETECTOR
The effect of repeated probings by an “environment” or
“measuring device” is described by a quantity Λ whose
imaginary part gives the damping and whose real part
gives an energy shift to the system being measured. Thus
we expect that the observation process here will cause not
only a damping or dissipation but also an energy shift for
the external electron on the two dots.
D is thus the imaginary part of a quantity Λ, while the
real part of Λ leads to a observation-induced contribution
to V. Λ itself is given by
Λ = i(flux) < i|1− SLS
†
R|i > (2)
The factor flux is the flux or probing rate of the de-
tector electrons, where in the QPC application one can
use the Landauer formula flux = eVd/pih¯, with Vd the
voltage in the detector circuit [8]). The label i refers to
the the initial or incoming state of the electrons in the de-
tector and the S’s are the S matrices for the two barriers
created by the two locations of the external electron.
S Matrix- In order to apply Eq. (2) , we review
shortly how to express the barrier penetration problem in
S-matrix language. At a given energy there are just two
S-matrix elements for the incoming flux with wave vec-
tor k, namely Skk and S−kk, representing transmission
and reflection respectively. These are the coefficients ap-
pearing in the wavefunction of unit incoming amplitude
which far away from the barrier on the incoming side is
eikz + S−kke
−ikz (3)
while on the other, outgoing, side of the barrier at large
distances we have Skke
ikz .
We may also have the incoming detector current from
the other direction with wave vector−k so we have S−k−k
and Sk−k for transmission and reflection. Thus our S-
matrix is S =
(
Skk Sk−k
S−kk S−k−k
)
where the two columns
correspond to the two possible directions of the detector
current. This matrix is unitary, SS† = 1, as may be
found from explicit constructions.
Time Reversal- An additional constraint arises from
time reversal invariance. This states that Sj,i = SiT ,jT ,
where the subscript T means the time-reversed state.
Here we have simply kT = −k and vice-versa. For the
diagonal elements this gives Skk = S−k−k while for the
off-diagonal elements their is no further constraint be-
yond that already given by unitarity. Note that we ne-
glect electrons spin and there is no magnetic field; these
further complications might be interesting in some appli-
cations.
We can now parameterize the S-matrix with the time
reversal constraint in terms of three angles as
S = eiφ
(
cosθ ie−iηsinθ
ieiηsinθ cosθ
)
(4)
which it will be seen fulfills all the conditions just dis-
cussed. The first column contains the reflection and
transmission coefficients for incoming waves k and the
second column those for incoming waves with −k. The
angle θ, which gives the magnitude of transmission and
reflection, is the same as that used by Buks et al, while
the other two parameters are phases.
The phase angle η creates a difference between incident
waves with k and −k, that is for different directions of
the detector current. This reflects a possible asymmetry
in the shape of the barrier (see below) and leads, in the
case of non-zero η, to the interesting possibility of effects
which depend on the direction of the measuring current.
We note that although φ appears as an overall phase it
is physically relevant. The phases are fixed by the “1” in
Eq. (2), or correspondingly by the fact that we have 1 as
the coefficient of the incoming wave in Eq. (3). (Recall
that in three-dimensional partial wave scattering theory
the entire scattering is given by just a phase, Sl = e
2iδl).
Parity- If the barriers in question are even in shape,
another constraint arises due to parity symmetry. When
this operation, namely z → −z, is applied to the wave-
function Eq (3), we get a solution corresponding to a
wave coming in from the other direction. Comparing
coefficients we conclude that S−k−k = Skk and Sk−k =
S−kk. The first condition was already obtained from time
reversal, the second, however, says that for symmetric
barriers we should set η = 0 in Eq (4) giving that the S
elements are the same for both directions of the detector
current. Note that a non-zero η only affects the reflection
coefficients; even with non-symmetric barriers T ensures
that the transmission coefficients have the same phase.
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III. DAMPING
D is the parameter giving the damping or loss of co-
herence of the system, and is given by D = ImΛ. We
label the parameters of the S matrices with an L or R for
the two barriers created when the electron is on the right
dot or the left dot and call φL−φR = ∆φ, ηL− ηR = ∆η
and θL − θR = ∆θ. We then have from the matrix (4),
D = (flux)Re
{
1− ei∆φ[cos∆θ + sinθLsinθR(e
i∆η − 1)]
}
(5)
This applies for a given direction of the detector cur-
rent, for the other direction, we reverse the sign of ∆η.
For a symmetric barrier, this simplifies to
D = (flux)
{
1− cos∆φ cos∆θ
}
(6)
Except for the cos∆φ factor this is essentially the same
damping effect as in ref [1]. This factor is interesting,
however, in that even for small angles,
D ≈ 1/2(flux)
{
(∆φ)2 + (∆θ)2
}
(7)
the phase φ is present and enters on an equal footing
with θ. Since according to the present method all phases
should be kept, φ is meaningful and contributes to the
damping or decoherence [11].
This says that two detector barriers which have the
same transmissibility, that is the same θ, but different
phase shifts can nevertheless induce damping. Although
they apparently give the same detector current they nev-
ertheless establish a distinction or “make a measure-
ment”. This may seem less mysterious when we recall
that even pure phase shifts correspond to physical ef-
fects like the delay or change in shape of wave packets.
Although a change in current is the most obvious “mea-
surement”, it is not necessarily the only one. Thus we
apparently differ with other treatments [1], [4], [9], [10],
where the damping or decoherence is related to the detec-
tor current only. Our results are of course proportional
to the flux or probing rate, but not necessarily to the
transmitted current alone. In effect, the situation con-
cerning φ may be viewed as case of the well-known tree
falling in the forest with nobody there to hear it.
IV. ENERGY SHIFT
While the damping is given by the imaginary part of
Eq (2), there is also a significance to the real part. In the
description of the propagation of a particle in a medium it
gives the index of refraction for the states of the particle
in the medium [7]. In the present problem this state-
dependent energy shift will give a measurement-induced
contribution to Vz in Eq (1) governing the internal evo-
lution of the measured system [7], Vindz = ReΛ so that
V indz = (flux)Im e
i∆φ[cos∆θ + sinθLsinθR(e
i∆η − 1)]
(8)
which for an even barrier with ∆η = 0 simplifies to
V indz = (flux)sin∆φ cos∆θ (9)
This effect only contributes to the “z direction” of V
for the same reason D only effects Ptr, the observation
process is presumed not to cause any jumps from one
dot to the other. We note that the effect persists even if
∆θ = 0, i.e. equal transmissibilities, as long as ∆φ 6= 0;
and for small phases that it is linear in ∆φ while the
damping Eq (7) is quadratic.
This induced energy offers the intriguing opportunity
of “tuning” the properties of the two-state system. Since
the tunneling behavior of the external electron between
the two dots depends strongly on how exact the degen-
eracy of the two wells is, the ability to adjust it via the
induced Vz, which note is proportional to Vd and so eas-
ily adjustable, is quite interesting. For example, if it is
difficult to fabricate identical dots, the induced Vz could
be used to nevertheless make the two dots degenerate
in energy. On the other hand a large Vz , by lifting an
initial near-degeneracy tends to suppress transitions, of-
fering another qualitative test of the theory.
V. DEPENDENCE ON CURRENT DIRECTION
For barriers that are not symmetric in shape, so η can
be non-zero, the damping and the energy shift will in
general depend on the direction of the detector current.
To find the difference we exchange k for −k in the initial
state. For the difference in D for the two directions we
have
∆D = 2(flux)sin∆φsinθLsinθRsin∆η (10)
and for the induced energy shift the difference for the two
directions
∆Vz = 2(flux)cos∆φsinθLsinθRsin∆η (11)
Both these effects are linear for small ∆η.
VI. NATURE OF THE CURRENT
The question of the current in the detector circuit
poses some intriguing questions concerning the nature
of “measurement”. Should we expect a smooth current
of some kind, reflecting some average transmission prob-
ablity given by ρ? Or should we view each transmission
as a measurement which “collapses the wavefunction” to
one dot or the other leading to a series of “telegraphic”
signals with different currents corresponding to one bar-
rier or the other? If so, what determines the duration of
these signals?
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The above considerations for the determination of ρ
cannot alone answer such questions. From ρ we can only
find the probability of a single transmission at a given
time, (the unconditional probability) but not if this event
was say part of a long series of transmissions(conditional
probability). These questions arise because successive
probings are in general not statistically independent; one
transmission may imply an increased probability for the
next one. A helpful analogy here might be successive
Stern-Gerlach procedures: if a spin was “up” passing
through a first magnet, it will also be “up” passing
through a second magnet.
This problem of finding the probabilities for various se-
quences of transmissions and reflections is perhaps most
easily addressed in an amplitude formulation [12]. Let 1
represent a transmission and 0 a reflection. We write the
probability amplitude that after N probings the external
electron is on dot L, and that the first probing electron
was transmitted, the second reflected, ... the N − 1th
transmitted and the Nth transmitted, as A(L, [11...01]).
Similarly there are amplitudes A(R, [.....]) for the exter-
nal electron to be on dot R after a given sequence of
transmissions and reflections [.....].
Let us now make the assumption that many probing
electrons are incident during the time 1/Vtr it takes the
external electron to tunnel to the other dot:
flux/Vtr >> 1 (12)
This assumption allows us, in discussing the current,
to neglect “dot jumps” where an amplitude A(L, [...]) re-
ceives a contribution from an amplitude A(R, [...]). Then
for time periods δt such that Vtrδt << 1 we can simply
write
A(L, [11...01]) ∼ SLkkS
L
kk...S
L
−kkS
L
kk (13)
where we have suppressed phase factors associated with
the time, and also the probability of the starting configu-
ration. If we restore the latter, in the form of ρLL for the
probability of starting with L, and ρRR for the probabil-
ity of starting with R, we find by squaring the amplitude
the probability for a given sequence of transmissions and
reflections:
Prob[11...01] = ρLL(pLpL...qLpL) + ρRR(pRpR...qRpR)
(14)
where p = |Skk|
2 and q is the probability of no trans-
mission, q = 1 − p = |S−kk|
2. (Note these quantities are
independent of the current direction k, due to T invari-
ance).
Eq (14) shows how a tendency to “telegraphic” behav-
ior with sequences of reflections or sequences of transmis-
sions can arise. For example, let pL and pR be very differ-
ent, say close to zero and close to one respectively. Then
neither the first term nor the second term can be big
for mixed sequences like [010...01]; but for “telegraphic”
sequences [111...11] or [000...00], one or the other term
can be big. On the other hand if pL and pR are very
similar, this tendency favoring repeated signals will be
weak; little correlation between the “measured” and the
“measurer” is introduced.
The two terms of Eq (14) are essentially those leading
to the binomial distribution in statistics. Hence if we now
ask for the probability Prob(Q,N) for Q transmissions
in N probings, the combinatorics are that of the binomial
distribution, and we obtain
Prob(Q,N) = ρLLPL(Q) + ρRRPR(Q) (15)
where PL(Q) is the binomial expression for the probabil-
ity of Q transmissions in N trials given the single trial
probability pL. (For N large and p small this is approx-
imated by the poisson distribution PL(Q) ≈
(n¯L)
Q
Q! e
−n¯L ,
with n¯L = pLN).
Eq (15), for distinct pL and pR, leads to a two- peaked
distribution, and generally describes the statistics of
the current for short times. For example the quantity
Prob(Q1, Q2) for Q1 transmissions in N1 probings, fol-
lowed byQ2 transmissions inN2 probings gives a measure
of the correlations induced by the “measurement” pro-
cess. In particular Prob(Q1, Q2)−Prob(Q1)Prob(Q2) is
zero if the currents in the two intervals are independent.
Prob(Q1, Q2) may be calculated as simply the weighted
average of two parallel processes, each one calculated
as a statistically independent sequence: Prob(Q1, Q2) =
ρLLPL(Q1)PL(Q2)+ρRRPR(Q1)PR(Q2), while Prob(Q)
is given by Eq (15). Thus
Prob(Q1, Q2)− Prob(Q1)Prob(Q2) = (16)
ρLL(1− ρLL)(PL(Q1)− PR(Q1))(PL(Q2)− PR(Q2))
We expect this correlation to vanish when only one dot is
occupied, for then successive probings are independent;
it is in fact zero for ρLL one or zero. Similarly it vanishes
when the current provides no information on the state,
when pL and pR are equal or PL = PR. Eq (16) thus
gives a characterization of the strength of “collapse” or
“telegraphic” effects.
These considerations hold, as said, for times short rel-
ative to the tunneling time 1/Vtr. For longer times an
amplitude A(L, [...]) receives contributions from an am-
plitude A(R, [...]), thus we anticipate a time scale for the
correlations or a duration of the “telegraphic” signals on
the order of 1/Vtr.
VII. STRONG DAMPING
In the previous section the time scale was the tunnel-
ing time 1/Vtr. However, there is a another regime [5]
of behavior, although it may not be relevant in problems
where the damping is relatively weak, as when the two
barriers differ little, but which is of interest in itself. This
is the case of strong damping, when D/Vtr >> 1. In the
limiting case of strong damping the amplitude for any
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configuration A(L, [....]) is reached by only one “path”
[....] and the situation resembles a classical diffusion prob-
lem. The solutions of Eq(1) show the “Turing-Watched-
Pot-Zeno” behavior [5] where “measurement” inhibits
the time evolution and the characteristic time scale be-
comes the much longer D/V 2tr. In this case the condi-
tion Eq (12) can be weakened to flux/(D/V 2tr) >> 1,
or since D = flux in the limit, to (flux/Vtr)
2 >> 1.
Similarly the time scale for the relaxation of correlations
becomes the longer time D/V 2tr.
VIII. CONCLUSIONS AND APPLICATIONS
If it were possible to fabricate the two dot system or
its analogs and to carry out experiments with them, the
various effects could be tested through their effect on the
diagonal elements of ρ, or Pz . Pz(t) gives the probability
that a dot is occupied, and through Eq(1) it is influenced
by the real energies and D. One way of determining it
experimentally would be from the current described by
Eq(15), that is from the relative strengths of the two
peaks of the Q distribution. It should be stressed that
Eq(15) represents an average over many repeated runs
from the same initial condition, say the injection of the
external electron onto dot L, and not an average over
time in one run.
It should also be noted that even if the evolution of ρ
cannot be followed in detail, the time scale of the relax-
ation of correlations yields information on Vtr and D.
For experiments of the type of ref [1], the real energy
Eq (8) induced by the measurement will show up as a
shift in the interference fringes. In Eq (8) the effect is
expressed as an energy, that is as a phase per unit time,
which in an experiment such as ref [1] corresponds to
a phase shift given by the dwell time of the measured
electron times the energy Eq (8). Hence Eq (8) pre-
dicts, for non-zero φ, a Vd-dependent fringe shift. For
the asymmetric barrier, Eq (11) predicts a component
to this fringe shift which reverses with Vd. Similarly, for
the asymmetric barrier, Eq (10) predicts that the loss of
fringe contrast or visibility of ref [1] can depend on the
current direction. Most interesting is the role of φ. Ac-
cording to Eq (7), if we can arrange for the two QPC
barriers to have the same transmission but different φ
there still should be a loss of fringe contrast or damping.
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